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Abstract 

. _ A broad class of contour gauges is shown to be determined by 

b^' admissible contractions of the geometrical region considered and a 

^ . suitable equivalence class of curves is defined. In the special case of 

magnetostatics, the relevant electromagnetic potentials are directly 
related to the ponderomotive forces. Schwinger's method of extract- 
ing a gauge invariant factor from the fermion propagator could, it is 
P^ \ argued, lead to incorrect results. Dirac brackets of both Maxwell and 

Yang-Mills theories are given for arbitrary admissible space-like paths. 
It is shown how to define a non-abelian fiux and local charges which 
obey a local charge algebra. Fields associated with the charges differ 
from the electric fields of the theory by singular topological terms; to 
avoid this obstruction to the Gauss law it is necessary to exclude a 
single, gauge fixing curve from the region considered. 
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1 Introduction 

The Fock-Schwinger gauge ^ || 

A-x = (1.1) 

has two remarkable features. 

Firstly, the potentials can be expressed in terms of the fields [0 : 



Af^^^{x) = I Gy^{xt)x''tdt (1.2) 



/o 

where 

G^, = F^, + ig[A^,Aj\ (1.3) 



d(ps{x,o) = -^dx^ = (1.5) 



Equation ( p..2| ) is true both in Maxwell and Yang-Mills theories provided that 
the Bianchi identities are satisfied. 

Secondly, the integral along the straight line segment s(x,0) running from 
to oc 

iPsi.,o)[A^-']= I Al-'{y)dy^ (1.4) 

J s{xfl) 

is constant i.e. independent of x 

dips 
dx^^ 

therefore 

Vs{xfl) = '^s{Ofi) = (1.6) 

Eqn. ( |1.5| ) can be also derived from ( |1.4| ) by direct calculation with the Bianchi 
identities taken into account and will be used by us in a more general context 
throughout this paper. 

Equation ( |1.5|) has an interesting physical interpretation. Take electrody- 
namics and the null loop s(x, 0)s(x, 0) i.e. the path followed along the 
straight segment (0,x) and back. The flux ^{sx's^) = for any regular 
field Ffj_^. Next consider the deformed loop consisting of s(x + Aa;, 0)s{x, x + 
Ax)s{x, 0). The change of flux is gauge invariant and reads as: 



A$ = ips{x+Ax,0)[A] - (ps(x,0)[A] + (Ps(x,x+Ax)[A] (1.7) 

(o,a;) does not depend on x for A = A^~^, so 

A<I> = V9,(,,,.+A.)[^^-^] (1.8) 



Taking Ax — > we get the infinitesmal change of the flux: 

A<!> = -A^-^{x)Ax^' (1.9) 

Therefore, Aj^~^{x) can be interpreted as a generalization of the magneto- 
static ponderomotive field. Indeed, consider a closed circuit (current inten- 
sity 1) which contains straight segment s(x, 0). Deformation of s(x, 0) — > 
s{x + Ax, 0)s(x, X + Ax) changes the magnetic interaction energy by — /A$ 
i.e. the ponderomotive force is lA^ ~ (x) in this three-dimensional example. 

The Fock-Schwinger gauge is a special case of contour gauges [^ , which 
in our paper will be specified by condition ( |1.5| ) with s(x, 0) replaced by 
more general family of curves c{x,xo)- Let us notice that for any choice 
of c{x, Xo) the corresponding potential f^ is again the ponderomotive field 
corresponding to the deformation c{x,Xo)c{x,Xo) — > c{x + Ax,Xo)s{x,x + 
Ax)c{x, Xq). Therefore it seems natural to name these path dependent gauges 
as ponderomotive ones. The ponderomotive interpretation nicely fits the 
fact that the contour gauges are a part of larger family of physical gauges; 
in electrodynamics a representant A^ of physical gauge we characterise by 
choice of the projection operator °P 

Dp. . up, ^ up, ^^_^Q) 

satisfying 

°p;-(a.x) = o (1.11) 

for the arbitrary scalar function x{^)- 
Then 

In particular 

^f)^°p;4^) (1.13) 

It follows from eqns.( prT0| - |1.12| ) that A^^^ is gauge invariant quantity with 



respect to transformation of the gauge field y4^(x), but, on the other hand 
the eqn. ( |1.13| ) is a gauge condition for the choice of A^^^. A vast choice 



of different gauge invariant formalisms |Q has evidently it's source in the 
freedom of defining projection operators satisfying eqn.( [l.ll| ). 



In this paper we shall present results concerning contour gauges, character- 
ized by a broad class of curves c(x, xq); the corresponding projection operator 
pc{x,xo) g^j^^g Qj^ ^Yie 4-potentials as follows 



[P'^ ■ AUx) = A^ix) - TT^: /. , , dY'^A^iY) (1.14) 



d_ 

dx^^ Jy£c{x,xo) 

and as a result of eqn. (|1.13| ) the chosen potential y^(^'^o) j^g^g ^^ satisfy 
eqn.(|L5|) (with s{x,0) replaced by c(x, xq)). In chapter 2 we show that for 
quite general class of curves (including non-smooth ones) our gauge condi- 
tion determines f^lF] in the case of electrodynamics. In the same chapter a 
connection between possible contractions of the space-time region considered 
and the freedom of choice of our ponderomotive potentials is exhibited and a 
suitable equivalence class of curves is defined. A subclass of curves - suitable 
for Yang-Mills theory - is specified and applied in Ch.3. Some gauges which 
have been considered in this theory, such as Fock-Schwinger [Q, superaxial 
[^], temporal with space- like Fock-Schwinger [^ are shown to belong to our 
class of gauges. 

We generalize - in Ch.5 - Schwinger's method ||2| of extracting a field de- 
pendent factor from the fermion propagator for a Dirac particle interacting 
with a given electromagnetic field. This enables us to provide an expansion 
for the fermion propagator in terms of the electromagnetic fields themselves. 
The consistency of the ponderomotive gauge constraints with the canonical 
formalism is exhibited in the Maxwell theory in Ch.6. The Dirac brackets 
can be obtained in a straightforward way due to the fact that our gauge 
constraint at fixed time is canonically conjugate to the Gauss law constraint. 

The application of canonical formalism to Yang-Mills theories is discussed 
in chapters 7-9. The Dirac brackets are given in Ch.7. Flux operator 
algebras and local charge algebras with structure constants of underlying 
Yang- Mills theory are derived in chapters 8, 9. Fields associated with these 
charges differ from the electric fields of the theory by singular topological 
terms; to avoid this obstruction to the Gauss law it is necessary to exclude 
a single gauge fixing curve from the region considered in the theory. 



2 Ponderomotive gauges - electrodynamics 

Let us consider an arbitrary electromagnetic field 

F^,{x)=d^A,~d,A^ (2.1) 

which is continuously once differentiable at any x G V4, V4 being some open, 
simply connected space-time region. Next, let us associate with every pair 
(a;i,a;2) a unique continuous path running from 0:2 G V4 to a^i ^ V4 and 
contained in V4: 

(xi, 0:2) — > c{xi, X2) C V4 (2.2) 

The parametric representation of c is taken to be: 

X G c(xi, X2) <^==^ x^ = c^(a;i, X2, r) G V4 (2.3) 

for some r G [0, 1] with 

x^ = c''(xi,X2,0) 

x^ = c'^(a:i,a;2,l) (2.4) 

Our results will not depend on the equivalent reparametrizations: 

r -^ t{r) (2.5) 

with 

Tr > "• P «' 

In what follows we shall fix X2 = xq and demand that c'^{x, xq, t) satisfy the 
following regularity conditions: 

i) c^ is C*^^-* - regular as a function of x, r everywhere in V4 x [0, 1] with 
the possible exception of r = ri, . . . r„; rj(x) being C'-^-* -regular. 

ii) At r — > Ti, at fixed x, the left - and right - side finite limits exist for 
n < 2 derivatives. These limits coincide for: 

c^(a:,a;o,r)|^^^^(^) = c''{x,Xo,Ti{x)) (2.7) 

^c^'{x,xo,T) , ^1 dTi{x) ^ ^c^'{x,Xo,Ti{x)) 

dxP '"^"' dr '"^"' axp ~ dxP ^ ' 



iii) In the limit r — > 0, 1 

cf'{x,xo,T)^-^x^' + 0{l-T)g^{x) (2.9) 

c'^ix, xo, r) ^ x^ + Oir)g^ix) (2.10) 

The somewhat general condition ii) is of importance; it admits functions with 
discontinuously changing direction. 

We shall now prove the following theorem: 
Theorem 1 Given the electromagnetic field F^,^, the condition 

dVc(x,xo) = (2.11) 

with 



^ci.,.o)=l ,My)dy' (2-12) 

J C(X,Xq) 



uniquely determines the electromagnetic potential A as 



Proof 

We can write 



with 



and 



-^' = ^'''^>"/,„.,^-<^>a!^''^" P-^=" 



fc(x,xo)=Y.^i (2-14) 



j=0 



ri+1 Qcf" 

d7 



^i= / Mc)^izd^ (2-15) 



ro = 
r„+i = 1 (2.16) 



Next, 






where 



D 



Ti+l 









dxP dr 

n+i 



Hence 



dXn 



Therefore, 



AJc 



dc^ 



C=c(x,XO,Ti + l(x)) 



' ^3;P 'c=c(a;,a;o),Ti(x)) 









u^ 



dxP dr 



dip 



c{x,xo) 



A,fc)-— 1^=^^"'"°'') 



1 ^ dcP dc" , 



Using eqn.(^, (g;|) and ( plOD we get 



diPc{x,xo) [A] 



Ap{x) 



dcP dc" 



^"^^""^ dxP dr 



dxP 



(2.18) 



(2.19) 



(2.20) 



(2.21) 



and from dip = Q eqn.( p.l3D follows. Moreover, it can be directly checked 
that 



r,A^) - r.A^) = Fu,{x) 



(2.22) 



for f^ given by eqn. ( p.l3|) provided that F^,^ is antisymmetric and satisfies the 
Bianchi identities and that c has to satisfy the regularity conditions i), ii), iii). 



It seems rewarding that our gauge condition (|2.11|) leads to the expression 

:i3i 

In this context it is worth noticing that the converse of Theorem 1 is 



true and follows from eqn.( |2.2l| ) i.e. if we choose A in eq.( ^.2ip as f^ given 
by eqn.( |2.13|) , then dipclf^] = i.e. eqn.( |2.11|) is satisfied. 
Let us remark that we tacitly demand that V4 be contractible [Q to the point 
Xo € V4 with the admissible deformations (homotopy) ( defined through the 
conditions i), ii), iii) (of course C^°°^ - class homotopy satisfies our conditions, 
too). Therefore, both a set D of points X2 to which V4 is C - contractible 
and sets of admissible curve families cP{x,X2 = const, t) for each X2 € -D 
are determined by V4 itself. Let us label the relevant collection of all such 
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cix,X2eD)hyaD). 

To any c & ( there corresponds a unique electromagnetic potential A = f^ 
satisfying eqn.( |2.1I| ). Let us check when different curves may correspond to 
the same /. Take two different curve families Ci(x, Xqi), C2(x, X02) and assume 

r = r (2.23) 

t.e. d^,,[r] = d^,,[r] = (2.24) 

First, notice that 

dipc[A] = ^^ 'fcix,xo) = ^cixo,xo) = c[F] (2-25) 

where 



c[F] = i Adc (2.26) 

Jc{x(),xo) 

where c[F] does not depend on x and c[F] 7^ unless c(x, Xq) is contractible 
to a tree |jlO| i.e. to a closed path (e.g. a point) with "null area". 
Next, from (|2]2|) and (|]25D it follows that 



I Ci{x,X0l)c2{x,X02) 

for any x and therefore 



/ r{y)dy = c,[F]-c,[F] (2.27) 

J c^ (x,xm)co(x,xno) 



fj-''{y)dy = (2.28) 

for any x, x' G V4 ; 

L = ci(x, a;oi)c2(a;, xo2)c2(2;', 0:02)01 (x, xoi) (2.29) 



As eqn. (|2.28| ) has to be true for any chosen electromagnetic, C^^'- regular 



field F, L has to be a tree in order to satisfy ( p.28|) . Therefore we should 



consider a set of classes C{D)/T with equivalence relation T: 

ci(x, xoi) = C2{x, 0:02) (2.30) 

if, for any x, x' G V4 the closed path L{c\C2C2C\) (eqn. |2.29| ) is a 
tree |T0|. 



(It can be checked that relation ( |2.30| ) is an equivalence relation) Choosing 
a single representative for each class c/T we get a one to one correspondence 
c < — > f^. The permutation of a set ({D)/T 



P:c — > P{c) 
implies 

r -^ pr = fp(c) 

which, after the use of eqn. (p.l3|) and ( p.21|) (inserting A = /'^)reads 

nx)dx -^ f^'\x)dx = r{x)dx - rf<^P(c)[r] 

From eqns. (|2.13|) ,( |2.21| ), we easily find that 
so that ( p.33D becomes 

nx)dx = f^'^{x)dx - d^Jyf^'^] 



Finally, comparing (|2.33| ) with a familiar form 



/^Wrfx = fdx - - uj^ip(,.duj^ 



P{c)"'^c^P(c) 



we get 



d'^P[c)[f<] = -dlnuc^p 



(c) 



I.e. 



u;c->p(c) = u;oexp(-zev3p(c)[/c]) 



(2.31) 
(2.32) 

(2.33) 
(2.34) 
(2.35) 

(2.36) 

(2.37) 
(2.38) 



Let us add, that the transition A — > f^ can be obtained similarly for an 
arbitrary potential A: 



fc = A--u;-\A^ndu;{A-^r 



with 



uj{A — > f) = uJoexp{-ie(pc[A]) 
so that any A can be gauge transformed to f^. 



(2.39) 
(2.40) 
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3 Yang-Mills theory 



The generalization of the above results to Yang-Mills fields is relatively 
straightforward except for one complication linked to the Bianchi identity. 
In the Yang-Mills theories the field G^^p is defined as 



where 
and 



G^u = F^i, + ig[Af„ A^] 



(JaAy OyA, 



^M ~ '^IJ'a 



From ( p. ID , ( |3.2|) the Bianchi identities follow: 

DfiGyp + DyGp^ + DpGp_p = 
where 

The condition ( |2.11| ) applied to the matrix A^: 

d'^c{x,xo)[^] = 
for a curve with 



c^'{x'^,x°) =x' 



c 



leads - due to eqns. ( |2.25| ),( pl26D - to 

^c{x,xo) = 

Therefore, trivially 

dpip = Df,ip = 



3.1 

3.2 
3.3 

3.4 
3.5 

3.6 

3.7 

3.8 
3.9 



Theorem 1 can be applied to A with a given F and, using ( p.l3| ) with (|3T 
we get 

/;=/(G^.(^)-^^[/.^/;])^^^- (3-10) 

In order to simplify ( p.lOD let us limit ourselves to a class of curve families 
satisfying as explained below a self-contractibility condition: 
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For any y G c(x, Xq), 

c(x,xo) nc(|/,xo) = c(|/,xo) (3.11) 

This condition means that the curves defined by: 

y e c{c{x, xo, t), xo) ^^ y'' = c''(a;, Xq, n) (3.12) 

for some < ri < t 
and 

y e c{c{x, Xo, t), Xq) ^=^ yf" = c''{c{x, Xo, t), Xo, t) (3.13) 

for some < r < 1 

are the same for any < i < 1. Therefore, there must exist a change of 

parametrization 

T^h{T,X,t), — >0 (3.14) 

h{l,x,t) = t 
h{0,x,t) =0 

leading to the following relation 

c^{c{x, Xo, t),xo, t) = c^{x, Xo, h{T, X, t)) (3.15) 

We are now in a position to prove the following theorem: 



Theorem 2 For any s elf- contractible family of curves, c, eqn. i\3.J\ ) together 
with the condition l \3.(^ are equivalent to: 

A, = f;{x)^f G,,{y)^dy^ (3.16) 

^ Jc(x,xo) OXP 

provided that f^lG], G satisfy the Bianchi identities (^■4[ )- 
Proof 



Firstly let us prove that ( p. 161 ) follows from ( |3.1| ) , ( p.6| ) . This will be achieved 



by the proof of the following lemma. 
Lemma 
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For any self-contractible curve family c, and any antisymmetric T^,y, a vector 
field fp{x) defined as 



f>'^ - Lj^^^^'^it/y 



is perpendicular to the curves of this family: 



dt 



< t < 1 



Proof of lemma 
Let 



Using ( p.l7|) we get 



R=^-^^^^^^f;{nx,x,,t)) 



R = ^. °' / T^^{c{c{x, xo, t),xo, r)) 



dt 

dc>'{c{x, Xq, t),Xo, t) dd'ic, xq, t) 



dr 



dr 



Hence 

R= T,yf,{c{c,Xo,T)) 

and using ( |3.15| ) we get 



dcP{x,xo, t) 
dd'{c{x, Xo, t), Xo, r) dd'{c, xq, t] 



dt 



di 



dr 



R 



dc^'{x,Xo,h) dc''{x,xo,h) 
Ty^[c[x, Xo, a(r, X, t))) dr 



dt 



' i/fi 



dh dh dt dr 



I.e. 



R = 



due to the antisymmetry of T^,^ in (|3.22|) . 
Inserting eqn. (p.l8| ) into ( p.lOD we get 



f', = J G,.Jc)^^dT 



^^ ' dxP dr 
12 



(3.17) 



(3.18) 



(3.19) 



(3.20) 



(3.21) 



dr 

dcf" dd" dhdh , 
T„„,^z^^^ — —dT (3.22) 



(3.23) 



(3.24) 



for any self-contractible family of curves c i.e. we get eqn.( p.l6| ) of theorem 



2. Eqn. ( p^ trivially follows from ( p.l|) for any A. The second part of the 
proof of Theorem 2 is given in Appendix A; we show there, that /'^[G] satis- 
fies eqns.(|3), (p|) if Q is fulfilled. 

For c — > a (c, c self-contractible) 

r = cu^^J'co,-^. - -cu;i„9cu,^e, (3.25) 

with 

Wc-^o = P exp ( -ig I f{c')—dT J uq (3.26) 



Proof : Take any x = c'(x, Xq, t).then, from ( p.l8 



= ^,7i„/;(c'(x,xo,t))^c^c.^ - ~^c~io-^^^c (3.27) 

i.e. 

fp{cix,Xo,t))—uJc-,c^ = --^ujc^c. (3.28) 

This is solvable, and for c'{x,Xo,l) = x gives ( |3.26| ). Moreover ( |3.26| ) re- 
mains true for any A — > f^' transition, showing that any A can be gauge 
transformed into f^. 



4 Relation to other Yang-Mills gauges 

We show now that those gauge conditions utilized 0, H, |^ in Yang-Mills 
theory which lead to the form A = A[G]; are special case of our pondero- 
motive gauges coresponding to special cases of the curves c. If we take 
c(0,x^) = s{0,x^), evidently satisfying condition ( |3.11| ) we get from ( |3.18| ) 



Apx^ = (4.1) 

i.e. the Fock-Schwinger gauge 0. 

For c(0, x^) = s(0, [0, x])s([0, x\, [x°, x], where [a, b] denote a space-time point, 

we get temporal and space-hke Fock-Schwinger [0 gauges: 

A{0, x)-x = 
A°(a;o,x)=0 (4.2) 
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Finally, choosing 

c(0, x^) = s(0, [x°, 0])s([x°, 0], [x°, x\ 0, 0])s([x°, x\ 0, 0], [x°, x\ x^ 0]) 

s{[x\ x\ x^ 0], [x°, x\ x^ x^]) (4.3) 

we get the superaxial gauge (see e.g.[||): 

Ao(x°, 0) = A2(x°, x\ x^ 0) = 

Ai{x^,x\0,0)=0 A3{x^) = (4.4) 

5 Path dependent Green's functions 

Now we consider a Dirac particle interacting with a given electromagnetic 
field. Use of our ponderomotive gauges enables us to generalize Schwinger's 
method of extracting a gauge invariant factor from the fermion propagator 
and leads to a perturbative expansion for the propagator in terms of the elec- 
tromagnetic field itself. We show that Schwingers approach to this problem 
could lead to incorrect results. 
Starting with the Dirac equation 

{^ +ie4 +im)'^{A\x) = (5.1) 

we substitute, for some family c{x,Xo): 

^{f'\x)=uj{A — .r)^(A|x) (5.2) 

where (compare eqn.( |2.4dD ; we put Uq = 1): 

iuiA -^ n = exp(-ze(^e[v4]) (5.3) 

Then, using (|2.39|) we get 

(^ +ze/" + im)^(/^ Ix) =0 (5.4) 

Similarly, the Green function 

G{A I xi, xs) = -z < I T{m{A I xi)^(A I X2)) I > (5.5) 

satisfying 

(^ 1 + ie4 + im)G{A \ xi, X2) = —i5{xi — X2) (5.6) 

14 



G{A I Xi, X2)(— ^ 2 +^^4 (^2) + ^"^) = —iS{x2 — Xi) (5.7) 

can be replaced by 

and eqns. (|5.6| ), ( W^ are replaced by 

(^ 1 + ief "(xi) + im)G{f'' \ Xi, X2) = -i6{xi - X2) (5.9) 

G{r I a;i, a;2)(- ^2 +^e/ "(0:2) + im) = -t6{xi - X2) (5.10) 

They have the same iterative solution as (|5.(j|), (p. 7]): 

^(r I X,, X2) = S + eSf ,S + e^Sf cSfcS + ... (5.11) 

where 

Six, y) = I ^t\ / ^ " . e-^(-^) (5.12) 



The above suggests that an approach used by Schwinger 0] may not be 
generally applicable. Schwinger uses a different transformation from ours 
(|5.8|) namely: 



G{xi, X2) = oo{A — . f-(-u-^))G{A I xi, X2 



(5.13) 



Although the definitions (|5.8| ) and ( ^.131) differ only by a (known) phase fac- 
tor, the difference could become important in calculations involving deriva- 
tives of the Green's function. While in eqns. (|5.9|) , (|5.1CI| ) involving 
G{fc I Xi,a;2) only one function 



cc.L 



/£o)=/'^(^'^o) 



(5.14) 



occurs in both equations, the equations for G will involve two functions, /^'^ 
and f^'^: 

(^ 1 + ief "'^{xi, X2) + im)G{xi, X2) = -i5{xi - X2) (5.15) 

G{xi, X2){- ^ 2 +^6/ '"''^(^^i^ X2) + im) = -i5{xi - X2) (5.16) 
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where 






C{XI,X2) 






c{x-i,X2) t/'^2 



Both these functions are potentials corresponding to the same Fnu i.e. 



d 



d 



dxl 
d 



-fp'''{xi,X2) - ^/^•'^(a;i,X2) = F,p{x^] 



^/r(^i,^2) 



d 



/^•'^(Xi,X2) = F^p{x2) 



(5.17) 
(5.18) 

(5.19) 
(5.20) 



dx2 '^ dx2 

but, in general, they are not identical: 

/;'«(xi,X2)^/;'^(xi,X2) (5.21) 

This casts some doubt on the general apphcability of Schwinger replacement 



G{xi, X2) — ^< xi\G\x2> (5.22) 

with G treated as the same operator in both eqns. ( |5.15|) and ( |5.16| ). 



6 Ponderomotive gauges in the canonical for- 
malism - Maxwell theory 

We consider now the use of our ponderomotive gauges in the quantized field 
theoretic context i.e. in QED. We shall show that our gauge constraint and 
Gauss's law are canonically conjugate leading to a rather simple form for the 
Dirac brackets of the theory. The canonical Hamiltonian in Maxwell theory 



H.. 



d^x 



-ii^ + -52 + A° V ■ n 

22 



with the primary constraints: 



D^ = Y]^ 



-Do = an,; = 



(6.1) 



(6.2) 
(6.3) 



16 



requires two futher constraints before the construction of the Dirac brackets 
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Let us choose them to be a temporal gauge condition 

and ponderomotive space-hke gauge condition 

/•I fjr- 



(6.4) 



(6.5) 



at a given moment of time. The curve c runs from c{x, 0) = Xq to c{x, 1) = x 
The corresponding Hamihonian 



where 



H = Hc+ f d^xv2dilli 

Jo OT 



weakly commutes with the constraints Di. 

The Poisson brackets between the Dj turn out to be: 



(6.6) 
(6.7) 

(6.8) 



C31 = -ci3 = [Ds{x),Di{y)]p = 53{x-y) 

C42ix,y) = -C2i{y,x) = [D4{x),D2iy)]p = 5^{y - x) - h{y - x^) (6.9) 

The rest of Poisson brackets vanish. As an example let us derive eqn.( 
We have 

C42 = [Di{x),D2{y)]p 

Hence 

C42 = 



d r^ dch 

dT—-5{yi - ci)5{y2 - 02)^(1/3 - C3) (6.10) 



dyk Jo dr 

^^ a'a 5^{y-c{x,T))dT 
OT OCi 

= S3{y-c{x,l)) -63{y-c{x,0)) 

= Ssiy - x) - Ssiy - xo) (6.11) 

If now we discard the single point x = y = xq the Qfc can be written as 



Cik 



-/ 
/ 



■S-iix-y) 
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so that 

(hk = -Qfc (6.12) 

The simphcity of the Cj^ stems from the choice of the ponderomotive gauge 
condition Dt^; moreover, and this is very important, D4 and D2 (Gauss's law) 
are canonically conjugate. 
The Dirac brackets of the theory, 

[A, B]d = [A, B]p - [A, A]p c^ [Dk, B]p (6.13) 

become in our case 

[A, B]d = [A, B]p + [A, D3]p ■ [Di, B]p - 
-[A,D^]p-[D,,B]p + 
+ [A, D,]p ■ [D2, B]p - [A, D2]p ■ [D4, B]p (6.14) 

For n, A the Poisson brackets with Dj's are: 

[A{x),D2{z)]p = ^^6^{x-z} (6.15) 

[n,{x),D^iz)]p = - 5^{x-c{z,r))—dT (6.16) 

JO OT 

and the other brackets vanish. 
So, finally, for 

X ^ Xq 

y^m (6.17) 

[Iii{x), Aj{y)]D = -6ij6{x-y) + [n„ D^p ■ [D2, Aj]p 

= -Sij6{x -y) + d^z dT6s{x - c{z, T))—dj6s{y- z) 

f (9c* 

= -6ij6{x -y) + g—, J dT6^{x - c{y, T))—dT (6.18) 

The other Dirac brackets vanish. 11° and A° being constraints, have vanishing 
Diracs brackets with any variable. 



7 Dirac brackets for Y-M theory 

In the case of Yang-Mills theory we limit ourselves to self-contractible fam- 
ilies, defined by eqn.( p.ll"l) . They have a useful property established earlier 
(compare Lemma in the proof of Theorem 2), namely Y-M potentials are 
orthogonal to these curves, i.e. from the gauge constraints 



/ A^Mdy, = ^ (7.1) 



'c{x,xo) 

follows eqn.( |3.18|) 

fin (t Tn T\ 

^^ -A(^(c(a;,Xo,r)) = (7.2) 

for any < r < 1 and x & V. This relation will allow us to establish eg. ( |7. 14| ) 

which in turn is a crucial condition responsible for the simple form of Dirac 

brackets. 

We are going to implement these gauges into canonical formalism of Y-M 

theory. 

In what follows the discussion of surface terms will be omitted. The canonical 

Hamiltonian is then: 

H= f d^xH (7.3) 

J V 



with 



n ^ 1(4 ■ 4 + K ■ K) - [V . K - 9C..A ■ mi (7.4) 



El{x) = -niix) (7.5) 

D« = no ^ (7.6) 

Df = V ■ 4 - gCabcA -4-0 (7.7) 

We take temporal gauge 

Df =Al^O (7.8) 

and ponderomotive space-like gauge constraint 

D^:^ = j A\{y)dy^ ^ Q (7.9) 

J c{x,xq) 
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The constraints ( [7.6[ - [r.9| ) are compatible with 



W = \{Ba-Ba + Ea- K) + I)f (x)t;g(x) 



where 



J c(x,xo) 



Our further considerations will be valid for the region V^_: 

V^ = V~ P(fo) 



(7.10) 
(7.11) 

(7.12) 



Next, let us remark that compatibility of (|7.9| ) with (|7.10|) is evident once we 
prove - in analogy with Maxwell theory - that in V- 



[Df{x),D^:\y)]p = 5{x-y)5, 



ad 



(7.13) 



The first term of D^\y), —V ■ Ea (comp. eg. ([7. 7|)) yields already r.h.s. of 
( |7. 13|) - derivation is the same as for Maxwell theory. So we have to show 
that 

Catc[D^:\x),AlEliy)]p^O (7.14) 

The use of ( [7.9| ) gives 

Ca,M\x),Al{y)El{y)]p = 
dz'^[A',{z),Al{y)El{y)]p = 



C. 



abc 



'c{x,xo) 
Cabc{ — )^cd 



c(x,xo) 



dzH{z-y)Al{z) 



(7.15) 



Please notice, that dz'^A'^iz 



Ugc(x,xo) 



from (pD (comp.eqns (O), Q)> 
therefore ( [7.14| ) is proved. 
Let us come back to constraints ( (|7.6| )- (|7.9| )). With the help of (|7.13|) the 
matrix 



can be written as 



so that 



d, 



i,k 
a,b 



d'ib 


= [D^:\x),Di'\y)]p 


(7.16) 


= 


" -/ ■ 

/ 


ik 
■5abh{x-y) 


(7.17) 




d-' = 


= -d 


(7.18) 
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and Dirac brackets of the theory follow |Tl| : 

[E;(x), A'M]d = 6,dSrJ{x -y)- 

dw^6{x ~ w) 



d 



-Q—Jcd - gCcdbAKy) 



wec(y,xo) 



(7.19) 



[a:, a 



d\D 



(7.20) 



gCcdf 



dw'6{y-w)E}{x)+ f _ dw'dix - w)E}{y) 



(7.21) 



In the next section eqns. ( [7.19| - |7.21| ) will be used in the derivation of non- 
abelian algebras. 



8 Flux algebras 

In this chapter we are going to establish algebras of fluxes: 

i3(-) = / B'^n'^da 



•1) 



^ i a 



(8.2) 



The surfaces a, a* are not interrelated. In the first part of this chapter we 
shall choose these surfaces in such a manner that the fluxes i3, £ will be equal 
to loop integrals over the potential and dual potential, respectively. 
Let us consider at the beginning a special type of surfaces appearing in 



definitions ( p.l|) , (|8.2|) of B, 8 fluxes. Take a loop L and some homotopy 
c(x, a). We define a horn H{L, c): 



X e H{L, c)^^x^ = c\L{t), a, ti) 



(8.3) 
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lH{L\c*) 

with 



for some t, ti G [0, 1] and fix orientation on this surface: 

-llfl^x^l (8.4) 

" \dti dtj ^ ' 

We are going to show that fluxes i3, E through these homotopy horns are 
equal to loop integrals: 

/ [B, ■ n)da = f fjx' (8.5) 
Jh{l,c) Jl 

[ {Ea ■ n)da = f rfldx' (8.6) 

J H(L*,c*) JL 

fl[x) = j^By^^^dy^ (8.7) 

*fa{^) = j^.^y^^'^y' (8-8) 

L, L* and c, c* need not be related. At this stage we need not specify in 
what gauge Ba,Ea are given. Eqns.(|0|), ( ^.6| ) are consequence of a simple 
observation. Take any antisymmetric tensor Tij and define 

f{^)=[ , T^'iy)?f^df (8.9) 

j^g^{x)dx^ = J dtdt,^^e'^'T\y) (8.10) 

y' = d{L{t),xo,h) (8.12) 

lg^ix)dx^^J^^jf.n)da (8.13) 

Replacement g — > for*f and T'' — > B^orE^, gives eqns.( p3D and (|8.6|) , 

respectively. 

If we specify Ba, Ea to be in a gauge defined through c from eqn. (|8.7| ), then 

22 



Then 



where 



fa{x) is a potential in this gauge. Still there is a vast choice of homotopies c* 
defining dual potential ,* /. Let us consider Dirac brackets of £, B in c-gauge: 



Using ( [7.19| ) one gets, after some algebra, the following expression: 

= S,,N{L-H*) + 



JL JL* 



J D 



cH* j^H 



where 



+9Ccdg f dx'f:{x)N{c{x,a)-H*) 



N{L;H*) = J2s9n\^^-nH4t2,ts) 



(8.14) 



(8.15) 



(8.16) 



N{c{x,a);H*) = Y, sgn [ ^ — - ■raHH^2,^3j 



t{x) 



dn 



(8.17) 



(8.18) 

(8.19) 

and Uh* being normal to a horn H* = H{L*, c*) (comp.eqns ( p.3| ), ( ^.4| )). 
The conditions (|8.18|) or ( p.l9|) are fulfilled whenever the surface of H* is 
pierced by loop L or homotopy curve c(x, a), respectively. A^'s in eqns ( |8.16| ), 
( |8.17|) denote net numbers of piercings. 
The abelian part of ( |8.15| ) has been already discussed ^ for the radial gauge; 



with ti, Ti{x) being the solutions of the following equations: 

^{L*{t2),a*,t;)=L{t,) 
c*(L*(r2), a*, Ts) = c(f, a, n) 



for abelian theories it leads to t'Hooft algebra |T^. The non-abelian part can 
be expressed through surface integrals. Call K^ part of a loop L, character- 
ized by N{c; H*) = N, N fixed {K^ can consist of disjoint pieces). We have 
L = X^AT K]\f and corresponding horn surface: 



H{L,c)=\JH{Kn,c) 



(8.20) 



N 
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where 



X e H{Kn,c) ^^^ x = c{y,a,t) (8.21) 

for some Y G K^ and t G [0, 1]. Evidently eqn (p.5|) holds for H{Km,c) so 



that eqn (^.15|) can be rewritten as: 

+gCcdg J2^ ^9' ^^^ 



N 



IH{Kn,c) 



(8.22) 



Let us add, that in fact eqn( |8.22D holds for any surface S, not necessarily a 
horn H*{L*, c*). H* is useful if we want to keep relation with loop integrals 
over dual potential (see eqns (|8.6| ), (|8.8| )). More generally, we have: 

[£f , BH] = 6,dN{L; S) + gccdf Y.^ I Bf ■ nda (8.23) 

^ JH{Kn,c) 

Let us consider now fluxes £j^^'^\ ^c^'^^- Surfaces Si are parametrized by given 
Si(ti,t2): 

X e Si ^^ X = Si{ti,t2) (8.24) 

for some (ti,t2) G [0, 1]. 

The Dirac bracket of £J^^'^\ S\ ^ - calculated in c-gauge - is given by the 
following expression: 



ga 



cdf 



eS] 



Ef{si)ns^{si)N{c{si,a); S2)da + 



+ I Ef{s2)ns2{s2)N{c{s2,a); Si)da 

'S2G52 



where iV's are the net numbers of piercings: 

, ,^ -N c ^ Y- ( dc{si,d,t-i) -^ ,, , . 
N{c{si,a);S2) = 2^ sgn \ — ^52(^1,^2 J 



ti{si) 



dU 



with tj(si) being solutions of the following equation: 

c(si,a,t3) = 5*2(^1,^2) 



(8.25) 



^.26) 



(8.27) 
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Eqn ( p.27| ) is fulfilled whenever, for a given si & Si the homotopy curve 
c(si,a) crosses the surface S2. Changing si -^ S2, Si -^ S2 in eqns (|8.26|) , 
( |8.27D one gets A^ from the second integral on the r.h.s. of eqn( |8.25D . In what 
follows we shall limit ourselves to surfaces being tangent at most along a curve 
to any convolution of homotopy curves c(x, a) considered in a given gauge. 
This in turn means that the net number of piercings given by eqn. (|8.26| ) is 
undefined at most along a curve so that surface integrals in eqn. ( ^.251) may 
have a meaning. Making in ( p.25|) transition S2 — > 5'i we get for Si = S2 = S: 



[£^,''\S^f% = 2gccdf / Ef{s)-ns{s)N{c{s,a)-S)d(j 

JseS 



(8.28) 



In this case there is always at least one common point of c{s, a) and S, as 
c(s, a) ends on s E S. The weight of this end- point contribution to A^ is | 
as can be seen from the limiting transition 5*1 — > S2 in eqn( p.25D . Therefore, 
for any fixed s E S: 



2N{c{s, a); S) = sgn |i3=i ■ ns[s) + 



+2 Yl ^9^ 



'dc{s,d,t3) 
dU 



ns(ti,t2 



with 



c{s,a,ts) = s{ti,t2) 
Eqns ( |8.23| ), (|8.28| ) together with the trivial bracket 

[Bc,Bd]D = 



(8.29) 



(8.30) 



(8.31) 



do not form closed algebra for any chosen H{L, c) and S. They can be 
however replaced by a set of closed algebras on the properly chosen parts 
of H{L, c) and 5*. This will not be discussed here. Let us conclude with a 
choice of such H{Lo, c) and So that 



i^oU-^o 



(8.32) 



i.e. abehan part does not contribute to ( ^.231 ). Moreover, put 2^" in eqn( |8.28| ) 
and N in eqn ( p. 23]) equal to 1. (Example: in the Fock-Schwinger gauge take 
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H{Lq, C) to be a cone and 5*0 to be any planar surface containing elliptic 
section of Hq). In such a case we have: 

[S^^,B^^]D = 9CatcB!^' (8.33) 

[S^\£i'^]D = gCabcS^' (8.34) 

[Sfo,i3f»]^ = (8.35) 

If we took 5*° to be closed surface surrounding a, then (|8.34|) still holds and 
is the algebra of charges contained in its interior, Vq. The question whether 
the algebra holds for any closed surface will be discussed in the next chapter. 

9 Local charge algebras 

It seems interesting to investigate whether colour electric flux algebra from 



( |8.34|) can be extended to the general case of two arbitrary closed surfaces; 
if it were so, then we might be able to establish local colour charge algebras 
smilar to well known flavour current algebras of the traditional quark model. 
Let us take closed surfaces Si G V- {V- = V ~ P{a), comp. eqn.( [7.12"D ) 
which are boundaries of 3- dimensional, open regions Vi ^ V. Next, denoting 
an outward flux of Ea through Si as SaiVi), we shall check commutation 
relations of colour electric fluxes 

SaiVi) =,ef S!' (9.1) 

for two situations: b)Vi = V2, b) Vi fl V2 = 0. 



For the case a) we get from eqns. (|8.28[ - ^.30D 



V, = V, 



2 



if P{a) e VI, [Sa{V,),S,{V^)]D = gCatMVi) (9.2) 

if P{a)^Vi, [£a{Vi),£b{Vi)]D = -9CabMVi) (9.3) 



For the case b) we get from eqns.( pl25| - p.27| ) 



b) V^nV2 
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if Pid)eVi,P{d)^V2, [£aiVi),£biV2)]D=gCabc£ciV2) (9.4) 

tf PiS)^V,V2, [£aiV^),£kiV2)]D = (9.5) 

If we assumed that E is regular at r = a, then eqn. ( p.4|) would mean that 
the electric charges defined by (|9.1| ) do not form local algebra. However, 
such an assumption is not sound; eqns.( pl2| - p.5| ) exhibit essential role of the 
point P{a) despite the fact that P{a) ^ Si in our derivations. Having this in 
mind let us consider a sequence {Vq} of open balls containing a. Let their 
boundaries Sq have radii Ek — ^ for k — > oo (please notice that e^ = is 
never reached as S'q C V"_). Let us define 



efe 
*0 



Erfida 



and assume existence of limit 



lim e. 



For any fixed surface S eqns.( |8^25| - ^.27|) lead to the following relation 



[ea,£b]D =def lim [ea,£b]D = gCabc£b 
k — >oo 



and, as a consequence. 



[ea,£b(yi)]D = gCabc£c{Vi) 



Moreover, 



[ea, eb]^ =def , lim [e^, e^j^ = gCabcec 

k,T >CXD 



and, due to eqn.(|7]T|),(^) 

[ea,Al{x)]D = gCabcAlix) 

[ea,Ei{x)]D = gCabcEiix) 

for any x G VL. 

Now we are in a position to introduce charges associated with the new field 

Ta defined below 



(9.6) 

(9.7) 

(9.8) 

(9.9) 
(9.10) 

(9.11) 
(9.12) 



Qlm 



Tn ■ nda 



Si 



Tai^ 



^/^N 1 f— d ^.. 

Ea{r) - — Ca, rev. 

Air \r — ar 



(9.13) 
(9.14) 
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so that 

QliV,)=SaiVd-9iV,)ea (9.15) 

where 

g{Vi) = l tfaeVi 

g{V,) = ifd^Vi (9.16) 

Using eqns. (|9.1| - |9.16|) one can check that Q^iVi) satisfy local algebra 

[QK^i), Qr(Vl)]D = -gcabcQliVi) (9.17) 

for any fixed open Vi dV 

and 

[QI{Vi),QI{V2)]d = Q (9.18) 

for Vi n 1/2 = 



Eqns. (|9.2|) , ( |9.3|) together with eqns. (|9.14H9.18|) clearly demonstrate existence 
of a point term at r = a. This leads to non-integrable singularity in Hamil- 
tonian, unless Cq = 0. In quantum theory it would mean that we choose such 
a subspace of states, Ti, that 



ej^ >= 



(9.19) 



for any |\E' >G 7Y and for any "a'' 
Then eqns.(pll),(|91^) lead to 



El{x]\^ >= AliSm >= {] 



(9.20) 



for any x G V^_ and any \^ >G 7Y, i.e. theory is trivial unless Cq ^ 0. 
Therefore in order to avoid obstruction to the Gauss law we have to exclude 
a curve from the region V and to deal with the region V-c^ 



V.,, = V-{c{R^eS,d)] 



(9.21) 



where cq = c(i?o G 5*, a) is any curve joining a with some chosen point Rq 
at the boundary S of the region V . The curve cq should belong to a family 
of curves used for gauge fixing so that nonabelian parts of Dirac brackets 
(eqns. ( |T?T9D , ( |7.2l| ) ) would not mix dynamical variables on cq with those on 
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V-CQ. The choice of V-cg makes the use of Ca unnecessary as closed surfaces 
around a cannot be contained in V-cg- Now, whether curve cq will be a 
regular or singular line of field E can be in principle derived from dynamics 
of the theory in the region V^co ■ 
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A Appendix 



We shall show that A = f^ given by eqn. ( |3.17] ) of theorem 2 satisfies eqn. ( |3.1| ) 
if eqn.( p^ is satisfied. 
Let us start with formula 



which is obtained from ( p.l7 ) in a manner similar to that applied in the proof 
of theorem 1. 



Next, using ( |3.4| ) we get from ( [A.l| ): 



G„p - F«p = -ig [[/:, G,4 + [/;, G,^]] (A.2) 

(The term [/^, Go-^i] does not contribute, because |j ■ /^ = 0). 
Substituting /^ from eqn. ( ^.17[ ) we get 



where 

'- = J 9^9^^^ ¥r dtdr[G,sicic„xp,r)),G,Act)] 

(A.4) 

29 



and Cf = c{x,xo, t) 
Applying eqn.( p.l5"D we get 

and, after a suitable change of variables, 

/■I rh r)r^ r)r'^ f)r^ f)r^ 

SO that 

I pa — lap = [fp, fal (A- 7) 

Then from (|A.3|) 

Gap = F^p + tg[r^j;] (A.8) 

i.e. eqn. (|3.1| ) as desired. Eqn. (|3.6| ) trivially follows from (|3.16|) ; it is enough 
to repleace T by G in ( p.l7| ) and use the result ( p.l8| ) of the lemma. 
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